We study synchronization in a two-node network built out of the smallest possible self-sustained oscillator: a spin 1. We first demonstrate that phase locking between the quantum oscillators can be achieved, even for limit cycles that cannot be synchronized to an external semi-classical signal. Building upon the analytical description of the system, we then clarify the relation between quantum synchronization and the generation of entanglement. These findings establish the spinbased architecture as a promising platform for understanding synchronization in complex quantum networks.
Introduction.-Synchronization describes the tendency of self-sustained oscillators to adjust their intrinsic rhythm when weakly interacting [1] . The first step towards studying synchronization in quantum networks is to address the case of two coupled limit cycles. Significant progress has been made in this direction by considering classically-inspired systems operating in the quantum regime, such as masers [2] , Van der Pol [3, 4] , Kerr-anharmonic [5] or optomechanical oscillators [6] . In this Letter, we depart from this approach and instead consider quantum systems with no classical analogue. Specifically, we consider a pair of spins 1, which has recently been shown to be the smallest possible unit for a quantum network [7] . An advantage of the spin-based architecture is the manageable size of the resulting Hilbert space, for which numerics are inexpensive in computational power and do not require any truncation. Moreover, synchronization being a perturbation effect, we can analytically derive all its features by performing a firstorder expansion in the interaction strength, yielding a simple description of the phenomenon.
Previous studies [3, 8] found that the phase locking of two Van der Pol oscillators coupled via a coherent interaction does not survive in the quantum regime. We thus first address the question whether the spins are able to phase lock at all. Exploring the different parameter regimes, we find that limit cycles with reversed dissipation rates synchronize best, while identical units are unable to adjust each other. More remarkably, phase locking is also achieved for limit cycles which could not be synchronized to an external semi-classical signal [7] .
In the presence of noise, the tendency towards phase locking of oscillators can be assessed by computing the distribution of their relative phase [1] , which for quantum systems is contained in the phase-space quasidistribution. This method is unambiguous as it is explicitly formulated with respect to the phase variable of interest [9] . Yet, it would be appealing to identify a parameter which is not tied to a specific system, while still providing a conclusive measure of phase locking. The fundamental question at stake behind this objective is to grasp the essence of the synchronization phenomenon when applied to quantum systems, thereby revealing the common features shared by all types of networks in this regime. Observing that at the core of phase locking lies the cre- 
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Synchronization of a pair of self-sustained oscillators. Each spin 1 is continuously stabilized to its respective limit cycle. The question is whether the oscillators will tend towards locking their relative phase when weakly coupled despite not being necessarily identical.
ation of correlations between otherwise-independent oscillators, a measure of both classical and quantum correlations has been proposed as a universal meter applicable to any configuration: quantum mutual information [10] . In parallel, it has been suggested that the presence of entanglement between the units certifies the onset of synchronization, thereby yielding the equivalent of the classic Arnold tongue based on purely information-theoretic reasoning [8] . Such a correspondence is reminiscent of the proposed use of entanglement as a quantum signature of chaos, recently explored experimentally in [11, 12] . Entanglement has also been suggested as a necessary ingredient in conformal field theories for the emergence of space-time in the corresponding anti-de Sitter space which describes gravity [13, 14] .
In this work, we take advantage of the simplicity of the system at hand and derive analytically the relation between synchronization and entanglement. We find that while both the quantum mutual information and the presence of entanglement appear to reproduce the Arnold tongue, they do not provide a conclusive measure of synchronization. An explanation in terms of the Schmidt decomposition is provided and an illustration of this result is shown where the entanglement is found to increase as synchronization is suppressed.
The model.-As illustrated in Fig. 1 , we consider two spins 1 weakly interacting via the exchange Hamiltonian j. This corresponds to replacing the semi-classical drive of an externally-driven unit by a second quantum unit. At the same time, each spin is independently stabilized to their respective limit cycle by the Lindblad superoperator
Ô †Ô ,ρ , and the gain γ g j and damping γ d j rates [7] . Consequently, the evolution of the system is described by the master equatioṅ
where the precession frequencies ω j could in principle be mismatched,
In the absence of interaction, the steady-state description of the system is given byρ 0 = |0 0| A ⊗ |0 0| B , with both spins appearing to possess identical limit cycles. However, it is important to note that the spins, while being stabilized to the same target state, do not react in the same way to perturbations. In practice, the way they return to their limit cycle is determined by the relative strength of gain γ g j and damping γ d j . As we will see below, the possibility of stabilizing the spins differently will crucially impact the achievable phase locking, and also be a key component in understanding the role of entanglement.
Adopting the techniques introduced in Ref. [7] , we use the Husimi Q function as a phase-space distribution from which we define the following measure of synchronization
This quantity is formulated explicitly in terms of the relative phase φ = φ A − φ B and allows to assess whether the spins show any tendency towards phase locking. If no fixed phase relation is established, e.g. in the absence of interaction, it remains identically null everywhere.
To provide a complete picture, we also consider the reduced state of each unit, which is obtained by performing a partial trace over the other spinρ A = T r B [ρ] and similarly forρ B . The corresponding phase distribution is then given by spin being diagonal and therefore phase symmetric, a feature previously identified in the case of two coupled Van der Pol oscillators [4] . It can be understood in physical terms: as opposed to the synchronization of a single unit to an external coherent signal, the current system does not possess any phase reference. The spins therefore lock relatively to each other in a rotationally-invariant way. If one of the spins is traced out from the system, we consequently loose all the information on the relative phase and the remaining spin could be locked to any angle in a uniform way. We thus recover the initial limit cycle, which is not a coincidence but crucially follows from the requirement of not deforming it (moving away from the equator) when attempting to synchronize its phase [1] .
As expected from the general framework of synchronization, phase locking is found to survive upon detuning the frequency of the spins. Specifically, the stronger the interaction strength, the larger the range of detuning leading to significant localization of the relative phase, yielding the Arnold tongue shown in Fig. 3(a) . In fact, we find that the performance achieved for the present choice of parameters is comparable to that obtained in the case of a single spin subjected to an external signal [7] . It is well-known that for classical systems [1] , these two scenarios are characterized by the same dynamical equation, describing in one case the relative phase between the spins, and in the other case the phase of the single externally-locked spin. To explore whether this holds in our quantum setup, we now turn to analytics.
Synchronization being a perturbation effect, its features can be captured by performing a first-order expansion in the interaction strength ε. We thus expand the state of the system around the initial uncorrelated limit cycles asρ(t) ≈ρ 0 + εμ(t) with Tr[μ] = 0. Discarding higher-order terms, the master equation (2) readṡ
(4) The first term is a constant drive of the coherences µ ± = ±1, ∓1|μ|0, 0 by the interaction Hamiltonian (1). The second term rotates these coherences in the complex plane without coupling different matrix elements while the last term acts as a damping. We have thus reduced the problem of solving a master equation in a 9-dimensional Hilbert space to a set of two first-order differential equations for the non-trivial terms of the density matrix.
With this analytical description at hand, we can now derive the dynamics of the phase locking (3) aṡ
where the approximate sign is a reminder that this result holds only within the perturbation regime of interest. This is one of the main results of our Letter. As previously suspected from the numerics, this expression is of the same form as in the case of synchronization to an external signal [7] , up to a constant factor and the specific rates appearing in the exponentials. Yet, as we will show below, applying a semi-classical signal and coupling to a quantum system are not equivalent in the context of phase locking. We focus here on the resonant case ∆ = 0 for which the coherences are real numbers with µ + ≥ 0 ≥ µ − . The synchronization measure is then proportional to their sum
Firstly, we find that the measure vanishes for spins with identical limit cycles γ d A = γ d B and γ g A = γ g B . We note that this peculiarity has been previously noticed for the case of two Van der Pol oscillators brought to the quantum limit [3, 8] , leading to the suspicion that phase locking between quantum units could only be obtained via dissipative coupling. Instead, we find that limit cycles with reversed dissipation rates are very-well able to lock, as illustrated in Fig. 2 where γ g A = γ d B γ d A = γ g B . Even more remarkably, Eq. (6) demonstrates that a balanced limit cycle γ d A = γ g A , which was found to be unresponsive to an external signal [7] , phase locks equally well to an unbalanced one γ d B γ g B or γ d B γ g B . We thus find that a second quantum spin 1 is able to synchronize a larger variety of limit cycles than if we were to replace it by a semi-classical coherent signal. It goes without saying that synchronization of a pair of oscillators is not a quantum effect. However, this result points to the fact that when considering a quantum unit, one can improve the phase locking by taking full advantage of the quantum framework governing the system instead of restricting parts of the setup to be classical [15] .
Entanglement generation.-When discussing Fig. 2(b) , we touched on the fact that the information about synchronization is contained in the state of the total system and is lost when restricting the available knowledge to the reduced states of the individual units. This hints to a possible relation between the onset of synchronization and the generation of entanglement between the spins. On this basis, the natural question that arises is whether one can use the presence of such correlations as an indicator of quantum limit cycles having synchronized [8] . To test this hypothesis, we employ the negativity N = (||ρ T A || 1 − 1)/2 as a measure of entanglement for our bipartite system, where ||ρ T A || 1 is the trace norm of the partially-transposed state [16] . We note that there exists a zoo of measures for bipartite mixed states which are not always equivalent and often hard to compute [17] . There is no ambiguity in the present context where both numerics and first-order analytics will indicate that the state is virtually pure. Following the suggestion of Ref. [10] , we also consider the quantum mutual information, a measure of all types of correlations between the units given by I = S(ρ A ) + S(ρ B ) − S(ρ) where S(Ô) stands for the von Neumann entropy.
As a first sanity check, we investigate whether these purely information-theoretic measures are able to reproduce the Arnold tongue. This is shown in Fig. 3 , where the negativity is found to follow the desired pattern. The quantum mutual information I behaves similarly. To confirm this visual impression, we perform a linear regression using the least-square method over the 101 × 101 data points composing the plots of Fig. 3 . This yields max S rel (φ) ≈ 0.23N with R 2 ≈ 1, where a coefficient of determination R 2 close to unity validates the linear relation. The entanglement measure N thus appears to have a perfect predictive power on the degree to which the spins are phase locked. Likewise, the correlations captured by the quantum mutual information I provide a very accurate measure max S rel (φ) ≈ 0.27I 7). The quantum mutual information I follows the same pattern as the negativity. No phase locking would be achieved in this regime by coupling spin A to a semi-classical coherent signal. (c) Focusing on an extended cut of the density plots, both I (dashed) and N (dotted) are reduced by half when phase locking is established between the spins. The quantities are normalized with respect to the values obtained for locked reversed limit cycles (middle top point of Fig. 3 ).
with R 2 ≈ 0.96. Importantly, the absence of an offset in both cases indicates a one-to-one correspondence.
To resolve whether this constitutes a valid measure, we turn once more to the first-order expansion, aiming this time at establishing an analytical relation between synchronization and entanglement. From our solution to the recast form of the master equation (4) which depends only on the coherences µ ± , the state of the system is readily found to be approximately in the pure entangled stateρ ≈ |Ψ Ψ| where |Ψ ∝ |0, 0 + εµ + |1, −1 + εµ − | −1, 1 .
The absolute value of the coherences |µ ± | are therefore directly related to the Schmidt coefficients of the pure state decomposition, yielding N ≈ ε |µ + | + |µ − | .
This result demonstrates that synchronization between the spins cannot be established without the generation of entanglement. But is the converse also true? Namely, is witnessing the presence of entanglement providing a conclusive measure of synchronization? Figure 3 points towards a positive answer. In fact, the value of 0.23 obtained numerically from the linear regression on the negativity is nothing else than the coefficient 9π/128 ≈ 0.22 entering the synchronization measure to first order. Yet, focusing on the resonant case to compare with Eq. (6), we find that the negativity is proportional to the difference between the coherences instead of their sum
Note that there is no contradiction so far as |µ + | |µ − | for the reversed limit cycles considered in Fig. 3 . However, this result indicates that there exist regimes where the spins can get significantly entangled without being able to lock their relative phase. This is illustrated in Fig. 4 , where the limit cycle of the first spin is fixed to be balanced, γ d A = γ g A . The information-theoretic measures manifestly differ from the expected behavior. Starting with the second spin to be balanced as well, we find no phase locking as the coherences are exactly opposed µ + = −µ − . On the other hand, the spins are significantly entangled with a corresponding Schmidt rank of 3. As we vary the rates to unbalance the second limit cycle, synchronization gets established as previously discussed. But at the same time the entanglement is found to decrease, which is due to one of the coherences being significantly reduced, and the Schmidt rank consequently dropping to 2. Eventually, all measures reach the same values as in the case of locked reversed limit cycles. This shows that the presence of entanglement and a fortiori of correlations between the spins is not exclusively related to the onset of synchronization. Reversing the premise, we note however that synchronization is a valid witness of the entanglement generated by the weak interaction (1), identifying certain states of Schmidt rank 2 while being blind to states of Schmidt rank 3.
Conclusion.-We have demonstrated that two quantum units are able to lock their phase under a weak Hamiltonian interaction. The spin-based architecture therefore paves the way for the investigation of synchronization in large quantum networks with minimal unit size. In this context, the possibility of frustrating neighboring sites by adjusting the way their limit cycles are stabilized to the very same target state promises a rich collective behavior.
Our analytical description of the system also provides access to the role played by the entanglement generated between the spins. In particular, we have shown that while synchronization can be used to certify the presence of entanglement in the system, the converse is not necessarily true, thereby ruling out the possibility of using simple measures of correlations as a generic order parameter for quantum networks. Yet, there is the exciting possibility of using the presence of phase locking as an entanglement witness for larger networks, certifying pairwise or perhaps even multipartite entanglement. Moreover, the present work provides an elementary setup to test candidates for a refined information-theoretic measure of synchronization.
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